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01!  CGi.FIGURATIONS  IIvWULVIFG  THRS'.:  SHOCKS  THROUGH  Ol^K  POINT  MODIFIED 

BY  IIEYER  mVES. 

By  K.  0.  Friedrichs 
FolloY/ing  upon  a  discussion  vdth  John  von  Nei^-inann,  the  v,Titcr  made 
an  investigation  of  possible  confisjurations  involving  three  shocks  throui^h 
onu  point  and  Mayer  waves.   A  variety  oi""  such  configurations  vras  found  but 
so  lar   it  do... 3  not  soon  that  these  modif i  id  L'hch  configurations  can  servo 
to  ex-plain  a  continuous  transition  of  r-;gular  reflection  into  Mach 
reflection  for  vrealc  shocks. 

I.   Rorn.arks  on  Various  Configurations. 

1.  Consid3r  throe  shock  confiTurations  (Fiff.  l)  in  which  the  air 
crossing  the  roflect-jd  shock  turns  toward  the  discontinuity  lino  and  the 
region  past  the  reflected  shock  is  sunersonic.  (rh.3  manifold  of  si^ch 
confifmrations  is  adjacent  to  those  7n.th:.gl?ncinp  incidence;  it  corresponds 

to  the  crosr,-hatched  region  in  Fifr.2). 
.-.^.-./j/.,-..i.-_  <:_.-^.c-^i.„...._-^„-..^.- .w_„-.-...4.i..^i    "'n  the  neip-hbcrhond  of  those  three 
O  .      ';  5    ■  ''        shock  configurp.tiona  there  is  a 

[^ ,  ■-•  variety  T/hich  has,  in  addition,  a 

,■  \       '^  Ii'-ayer  v/ave  in  region  (2).  This 

'^'  waj'-er  v;ave  may  be  a  rarefr.ction  v:ave, 

a  compression  vrave,  or  begin  vvith 
oi.  /    I  \^oc'  compression  ;ind  end  up  as  rarefaction. 

In  any  case,  the  air  florrs  through 
this  vTave  from  the  region  (2')  past 
the  reflected  shock  to  the  region  (2-0 


\ 


adjacent  to  the  discontinuity  line. 


Clearly,  none  of  these  confirrurations  is  "stationar""". 

The  angles  c.  xn  these  confifrurations  will  ail  be  near  to  vO^j  it  siems, 
On  the  other  h.-nd,  it  seems,  one  may  prescribe  the  state  (0),  further  px, 
p^  and  the  angle  be  tureen  incident  and  reflected  shocks  ('3  is  probably 
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r-jj-tilctci),   then  t'l'-ira  '.'il].  be  tvo  solutions,   ono  in  \Thich  the  Meysr  rravo 
bcrins    ;is  r-Arcf  ?ction,  the  oth?r  in  vrtiich  it  begins   as  compression,      if 
one  l^ts  3  approach  zoro  ono  obtains  th-j  case  of  ono  shock  ovortakinpr 
•!i\othox ,   in  v;hich  cc'.r;o,    is  v.  :■    h-.d  shovm,    a  rarefaction  vj-ive  is  reflBCoed.^'- 

'2ho  djscribod  confifai.rations  ''ri.ll  also  occur  in  tho  folloudnc.  oroblera. 
Ccnsidor  a  circular  shock  v^avG  ■'.■/hich  overtakes   a  plane  shock.      After 
interaction  a  confif.uration  as  indicated  in  Fig.   4  vrill  probably  result. 

.TiGn  tho  floY:  is  observed  from  ono  of 
its  branch  points  it  rrlll  in  its 
neighborhood  coincide  "dth  one  of  bhe 
flo'.Ts  .I'^st  described. 
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2.      Von  Newiiaiin  con.1  ?cturid  that 
stationary  l.iach  and  roTOlar  rei'lection 
f j.oire  might  be  connected     through  flov/s 
in  vrtiich  additional  vraves  occur  between 
incident  arid  reflected  shock-j 'Jfi-^i^^' •^■^^- 
'\  ivTitjr  found  a  varietv  of  florrs  having 

a  Meyer  wave  in  the  sector  betvro'^n  incident  and  reflected  shock.    This 

Meyer  vfa.vo  rlvrays  boRins  as   a  compi'^ssion  wave;   it  may  end  up  as  a 

rsirefaction.     These  flovra   ^xo 

possible  in  the  neighborhood  of  '^ 

any  three -shock  flmr.      Suppose 

the  incident  shock  -md  tJie  ]  eycr 

vmve,   i.e. J   the  states  before  and 

past,    ?XQ  prescribed.      Then  there  vri.ll        " 

be  either  two  solutions  or  none 

(or,   of  course,   one  solution 

counting  double).      If  one  lets 
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The  confi Deration  in  i/hich  the  Koyer  vfave  bepins  as  compiession 
dogcnsratos  in  the  li'ait  ^-^0.  C0Nh'ID:f;1'.TI  tt 
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the  i.'jiyor  rravo  shrinlr  to  z.tq^  on  3  of  thiso  tvro  solutions   a'oproachas  the 
thr  jo~shock  solution,   tha  oth.^r  a'oi^roachos  ons  in  v.-hich  the  refloct^jd.  shock 
is  sonic.      (3y  the  v/ay,  noar  a  =  90"  there  arc  flovre  for  vrhich  the 
r:.flcct3fl  shock  h?.s  disar'DearGd.  ) 

Aiaon.'T  the  flovrs  so  rloscribad  there  is   ;?lso  a  r,^a;■lifr^ld  of  statnonc.j.y 
configurations.      It  is  to  '-0  noted,  hovz-over,   that  they  all  occur  vrith  an^Tles 
a  less  than  those  for  ,an  uninodified  stationary  Tach  confi, juration. 

_•    ,Qf  ■ -.i;<j_5)It  is  interesting  to  note  that 
■■.■:■  ■f/'izsJoj.aLL/j^^^.Lf^u.u^i^Lu.y-LLuj.i.j^  rsfmlar  reflection  c?Ln   also  be  modd.fied  by 
\      ,  - '  ,     "  including  a  IJeyer  irave  betvreen  incident 

!    ■  a^nd  reflected  shock.     This  may  be  dons 

C  ■'.Tithout  changing  the  incidmt  shock,   i.e., 

■  \  p1/?o  ^^^  "•'    (°^y  '^''^®  strength  ol  the 

__  ;.  ^■•.  ileyer  v/ave  is  restricted);   the  reflected 

'      '■'-.  pressure  then  increases  sanevv-hat.   On  the 

other  hand,  one  can  shorr  that  these 
mollified  remilar  reflections  inav  exist  only 
p,q.  'i  ;;hen  siiuolo  ref^ular  reflection  is   also 

possible  for  the  s^jr.e  incident  shock.   It 
is  true  that  a':'ong  these  modified  regular  reflections  rhere   are  some  vfhich 

are  stabionar^f  i  ach  flovrs  if  t^e  incident  uressrre  ratio  d,  /p     is  somevrhat 

'  1  '  o 

less  th-m  2.?>1,  the  reflection  raay  even  be  ?reak. while  the  unmodified 

station.-ary  Iviach  reflection  iTOuld  be  strong.     Thus  they  mip-hfc  fiirnish  a 

brid  ^s  bet'iraen  refr^lajr  and  Kach  reflection  for  p^/p     some-iThat  below  2.31. 

^r  ^0 

Hovraver,  the  experimental  resxilts  -.Thich  von  Neumann  has  shorai  us   ;u:e 

definitely  apiainst  this  possibility. 

4.       ^.nother  possibility  con;es  to  mind,  vi2.   that   the  Mach  shock  has 

a  compressive  illeyer  ?rave  as  a  forerumer   (see  Fig. 7).    (This  would  confirm 

another  of  von  Neumann's  conject'.ires, 

viz.   "caat  so-net'ixng  happens  m  \  \  \  ] 

front  of  the  1. ach  shock.)  It  can 

be  shovm  that  to  eveiy  regular 

reflection  configuration  given  by  O 

(0),    (1),    (?)   (cf.   Fig.    7),there 

is  one  of  these  Iiach  configurations  —.  y--'-  \    -'      2, 

mn-th  a  forei-unner  having  the  s?me 

states   (0),    (1),    [2).     TViere   are  .    r ■  ■.,.  "'' 

some  counter- arsuments,  hovrever. 
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Fir^-tl}-,   tin  a;ip:le  bet.vTesn  the  liach  PliocV.at  t"~^  branch  oo^nt  a^'d  t'le  vr-J.! 
7"ould  d'?viat:^  "onsider?bly  from   "'0     in  contradiction  to  sxrterimsntal 
evidence.     This  difficulty  mi^xh/b  perhaps  be  ovGrcome  somehovf  or  other. 
-it  least  the  J..ach  iiine  shovrs  in  the  direction  in  Trhich  it  is  mostly 
observed,      /mother  difficulty  seens  to  be  raore  serious,     a  compressive 
I.eyer  ''ave  shoxild  not  tm-n   as  indicated  in  I'lf     7   -■nz\  enter  the  rrall 
perpendicul.arly,   for  a  compressive  vfavo  should  contract  vrhen  it  is 
crossed  perpendiculcirly.     Thus,   even  the  oroposition  of  a  compressive 
forarunner  is  not  toc^hopeful. 

II.     Justification  of  Above  Rei:i,r>rks. 

■■7e  shall  use  the   :'p,^)--di-ir.:raic  ^  is  in  the   Appendix  to  the  v/ribers 
remarks  on  the  Iv'ach  effect),  Q  being  the  angle  of  inclination  of  a 
velocity  vector,  observed  fro;-:  the  branchnoint. 

11  states  !'p,  ^   )  t^Tat  car.  be  connected  rrlth  {-^^  ,  ^   )  throu.'^h 
an  obliqu:;  shod:  then  lie  on  a  "sh.ock''   curve   (FJ.g.8). 

r> 
-i 


^ 


A ... 

^  2 

■^ 

''\ 

n 

t- 

7. 

W 

i  i 

/ 

lilfnire  8. 


"ID.DM'I'iL 


]..      Let,   (1)  be  a  point  on  this  cm-'ve  ciiid  diaiv  the  shock  curve  through   (l). 
its  intersection  vrith  the  O-curvc  eiv3S  a  thrse  shock  confi;j:iiration.     Ii  the 
anfrle  of  inc'dnnce  a  is  ne.ai'ly  ."'O   ,  the  sltua.tioii  is  as  in  I-Ug.B.      (o   =•  90 
woiJld  bo  reached  when  both  curv.js  touch  eich  other  in  (1)    ).     If  g  is 
sufriciontly  near  to  yO     the  trtatt  given  by  th3  intersection  on  the   (l)-curve 
xriV}.  b-3  sun':r:;onicj  the  sriiie  ,.dll  then  be  tnie  for  pointr.  on  the   (Dj-curve 
above  the  intersection.      Talce  any  of  these  points   (2'^.     Through  (2")  dravf 
the  curve  correspondinf?:  to  all  states  th?,t  can  be  connected  ^rith  (2')  throiifrh 
a  i.-eyer  vmve  mth  increrisin<-_'  angle  ©.     vSuch  a  curve  is  th.e  imar-e  of  a 
characteristic.      (There  ;.iro  trro  fmch  characteristics,  one  beginning-  -s 
compression,  the  other  as  rarefaction.  )     The  intei'soction  bf  snj  of  these 
tvro  curves  irith  the   (0)~cui'^"e  irields   a  state   (2'')  or  (s)  respectively, 
Yrfiich  leads  to  th3  confijmration  as  described  in  Fi(<;.5. 

2.      To  insert  a  A.!eyjr  v:ave  bctvreen  incii  dent  a^d  reflected  shock  one 
considoi's  a  (O)-curve,  on  it  a  point  (1')  corresponding  to  supersonic  flc.:. 
Through  (l' )  one  places  the  cor;:presoivs  brancii  of  the  i>  eyer  carve  ?Jid  on  it 
any  point   (l")  ifith  Q^^.   >  4^..  ,.Tho  shock-cnj'V'.,  throvgh  (!'')   then  intersects 
the   (0)"curve  in  a  point  correaoonding  to  statjs   (2)   and  (o)  respectively, 
cf.Jlg.    5.  ^-, 
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To  obtain  a  station-ij:';'^  con-''"ipurat.ion  or.e  uvist  bsgin  vrlth   a  state   (1')  that 
vrould  lead  tc   an  inverted  thre.-;-shock  configi^ration  .and  thus  have  an  an^le  a 
less  than  the  stationary  threo-shock  confirAiration  for  the  satve  p^/p  . 
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Figiara  10. 


o.     Tho  possibility  of  a  ropular  reflection  modified  by  a  J^eyor  wave 
betv/iHi  incident  and  refl-cted  shock  can  be  seen  from  siv.dlar  arru-nonta. 
cf.Fisi.ll. 
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Fi-^re  11. 
The  loc'-^l  possibility  of  a  coTrorer'sive  .^orsiTinner  of  the  i-'ach  shock  is 
slso  easil''/  scsn,   c.f.F?-^.12. 
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!'^.  gill's  1^ 

Cl2aily,a  sh-"Gk  fov^raivA^r  would   pJ  so  be  -;:;0S3ihle. 

moi  a  n5.n.v-aj.-. 

■■:.      Here  on;,  might  mice  a  (general  remark.      If  there  is  conMi.ncns 

trarc:-oion   fi-cjn  rp'rular  to  Liach  :.:cf]ectio.:^   it  seems  liksly  that  new 

phonom?^ra  occ-ar  only  b.^t-reen  bi-ax")rh  point   end  u£U-.      If  Leyer  or  othor 

.•:a:/ss  occ-r  IrLtl.e  refrions   (1 )  or  (2),   e.^.  ,   they  shc-ld  ^roac^y  hav<- 

he'-.i  -M'lor''  for  rs;T'alrr  reflection. 
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